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Abstract. A class of perverse sheaves on framed representation varieties of the Jordan 
quiver is defined and studied. Its relationship with product of symmetric groups, tensor 
product of Schur algebras, and tensor product of Fock spaces are addressed. 



1. Introduction 

This article is devoted to the study of the geometry of framed nilpotent representation 
variety of Jordan quiver. There are several motivations indicating that the above geometry 
is interesting. Among others, the most relevant results are listed as follows. 

(1) The Springer correspondence of type A in jBM83j. 

(2) Ginzburg's Lagrangian construction of Weyl group algebra and Schur algebra of type 
A in [UGQTj . 

(3) Lusztig's study of the geometry of nilpotent orbits of type A in |L81j . 

(4) Achar-Henderson's study of the geometry of enhanced nilpotent orbits of type A 
in |AH08j . 

(5) The author's geometric realization of the tensor product of Verma module and simple 
module of a quantized enveloping algebra in [Lillj . 

(6) Stroppel and Webster's recent work on g-Fock space in |SW11] . 

(7) Grojnowski and Nakajima's study of Hilbert scheme of n points on C 2 in |N99j 
and [G96] . 

The main results we obtain in this paper can be thought of as a generalization of the above 
results (l)-(2) to the "tensor product case". More precisely, we define a class of resolutions of 
singularities, tt\ : T\ — > E^q, on the framed nilpotent representation varieties, by mimicking 
the one studied in [Lillj . We show that these resolutions are semismall maps so that the 
push forward of the intersection cohomology complex of T\ to E^ q is again a semisimple 
perverse sheaf, say L\. Furthermore, we show the following main results in this paper. 

(1') The simple perverse sheaves appeared in Lj_ are all intersection cohomology com- 
plexes (with trivial local systems) and whose supports can be described explicitly in 
Theorem 13.2.61 

(2') The endomorphism ring of L\ in the abelian category of semisimple perverse sheaves 
on E u d Q is isomorphic to the group algebra of a product of symmetric groups. 

(3') The singular supports of the intersection cohomology complexes in Li form a la- 
grangian subvariety in the cotangent bundle of E„ jdj g, whose subvariety of stable 
points , after taking certain GIT quotient, is the tensor product variety of the la- 
grangian variety defined by Grojnowski in [G96j §3]. 
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(4') A second way to state (2') is that the top Borel-Moore homology of the Steinberg- 
type variety Y±_ = T\ x Ej/ d T\ is isomorphic to the group algebra of a product of 
symmetric groups. Moreover, the irreducible components of largest dimension in Y\ 
form a basis of the above group algebra in Theorem 13.2.81 We suspect that this basis 
is the naive tensor product of the Borel-Moore homology basis constructed in [CG97J. 

(5') A slight modification of (4') gives rise to a construction of tensor product of Schur 
algebra of type A as well. 

(6') The intersection cohomology complexes all together for the various v are considered. 
It is shown that there is a Heisenberg action on the space spanned by the intersection 
cohomology complexes, isomorphic to tensor product of Fock spaces. 

We emphasis that in the simplest nontrivial case (for the parameter d = 1), the above 
results are all known in the literature such as |AH08] . fT09j, |FGT09] and |FG10j . except 
(3'), (5') and the Heisenberg action in (6'), 

In summary, the results (1'), (2'), (4') and (5') are generalizations of (1) and (2), the 
result (3') is closely related to |N99] and |G96 ] and the result (6') is closely related to |SW11] 
and [Lillj . It will be interesting to develop a theory similar to the results in |L81j and [AH08J 
on the local information of the intersection cohomology complexes defined in this paper. 
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2. Preliminary 

2.1. Semismall map. We recall the semismall map and its variants from [GM83J, [BM83J 
and [CG 97J. Let fi : M — > N be a proper map with M and N irreducible varieties over 
the field C of complex numbers. Suppose that N = UN a is an algebraic stratification such 
that the restriction map \x : / u~ 1 (A^ Q ,) — > N a is a locally trivial fibration. We say that fi is 
semismall if for any a, 

2 dim /i -1 (a;) < dimM — dim iVa,, x £ N a . 
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A semismall map is called strictly semismall if the above inequality is an equality for any 
a. A semismall map is called small if the above inequality is an equality only when N a is 
open dense. A small map is a small resolution if it is also a resolution of singularities. 
Consider the fiber product M x jy M, it admits a stratification induced from that of N: 

M x N M = U a M a x N M a , M a = fx- l (N a ). 

If the map \x is a semismall map, we have 

dim M x N M = sup a dim M a x N M a < sup a dim M a + dim /i _1 (a; a ) 

= sup a dim N a + 2 dim /i _1 (a; a ) < dim M, 

where x G N a . It is clear that dimM x ^ M > dimM. This shows that if /i is semismall, 
then dim M x N M = dim M. 

If dimM x N M = dimM, we have 

dim M a x N M a = dim N a + 2 dim /i" 1 (x a ) < dim M. 

Therefore, we see that \x is semismall if and only if 

(1) dimM x N M = dimM. 

Furthermore, if [i is semismall, then \x is small if and only if dim M a x N M a < dim M for 
any non-open-dense stratum N a . 

2.2. Notation. We fix some notations. Let v be a nonnegative integer, we denote S v to be 
the permutation group of v letters. We identify S v with the set of permutation matrices of 
rank v. Let C[S V ] be the group algebra of S u . We use similar notation to denote the group 
algebra of products of S u . 

Let A be a partition of u, we denote by X 1 - its dual partition. We denote by V\ the 
irreducible representation of S v . 

2.3. Heisenberg algebra. In this section, we should recall the representation theory of the 
infinite-dimensional Heisenberg algebra s from |K90t 9.13]. By definition, s is a Lie algebra 
over C with a basis pi, qi and c for i = 1, 2, • • • , subject to the following relations: 

\pi, qj] = 5ijC, all other brackets are zero. 

For a given d G C x , the Lie algebra s has an irreducible module F(d) on the Fock space 

(2) F = C[a; 1 ,x 2 ,---]. 
defined by 

P*(/) = ^(/), *(/) = *</, c(f) = df, V/eF. 

For a sequence of positive integers d — (di, ■ ■ ■ , d m ), we set 

(3) W{d)=W(d 1 )®---®W(d m ). 

to be the tensor product of s- modules ¥(d\), ■ ■ ■ , ¥(d m ). 

Let H be the unital associative algebra over C generated by pi, qi for i G N and subject 
to the following relations: 

(4) piPj = pjPi, qiqj = qjq h p^j = qjPi + 5^1, Vi, j G N. 
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This is the quotient algebra of the universal enveloping algebra of the Heisenberg algebra s 
by the two-sided ideal generated by c = 1. We have that the algebra H is isomorphic to the 
algebra H' generated by dj and hi for i £ N and subject to the relations 

min(ij) 

(5) ctidj = CLjdi, bibj=bjbi, aibj= ^ bj^ k ai-k, Vz,j G N, 

fc=0 

where we set a = 1 = b . 

It can be deduced as follows. Consider the positive self dual Hopf algebra R with a unique 
irreducible primitive element defined in \Z81\ Chapter I]. As an associative algebra, R is 
isomorphic to the Fock space F. Let A : R — > R £g> R be the comultiplication on R defined 
by A(x n ) = Xir=o x n-i ® x i f° r an y n = 1,2, ■ ■ ■ . Let (— , — ) : R x R — > Z be the associated 
bilinear form. For any element x G R, we define a linear map x* : R — )■ i? by 

x*(y) = id®(x,-)(A(y)), Vy E R. 

Let x : R — >■ denote the linear map by multiplying x. By [Z811 1.9], we see that the 
assignment a, i— > Xi and 6» i— > x*, for any i = 1,2, ■ ■ ■ , define a faithful if'-action on F, i.e., 
an injective algebra homomorphism H' c — >■ End(F). 
Let pj be the primitive element in Fj defined by 

( Pi , w = o, (a, a) = i, 

fc+/=i 
fc,Z>0 

where F« is the homogeneous component of F of degree i. Again by [Z81| 1.9], the assignment 
Pi i — y pi and qi i-> p*, for any z = 1, 2, • • • , define a faithful if-action on F: H e — )■ End(F). 

The collections = 1, 2, • • • , } and {p,|i = 1, 2, • • • } both generate the algebra F. So 
the images of the subalgebras generated by Pi and for any i = 1, 2, • • • in H and H' 
respectively coincide in End(F). Now the fact that (x + y)* = x* +y* implies that the images 
of H and H' coincide in End(F). This shows that the two algebras are isomorphic to each 
other by taking into consideration of the gradings. 

From the above analysis, we see that in order to define an action of s on F isomorphic to 
F(l), it is equivalent to define an if'-action on the Fock space F. But an if'-action on F is 
completely determined if the Fock space F is associated with an algebra structure isomorphic 
to the algebra R. 

3. Main result 

3.1. An analogue of Springer resolution. Let T be the framed Jordan graph 

o._. 

We fix an orientation Q and its opposite Q for T: 

To a pair [y, d) of non negative integers, we fix a pair (V, D) of vector spaces of dimensions 
v and d, respectively. We define the representation space of Q of dimension vector [y, d) to 



PERVERSE SHEAVES, REPRESENTATION VARIETIES, FRAMED JORDAN QUIVER 



5 



be 

E uAQ = End(V)xRom(V,D). 

This definition depends on the choice of the pair (V, D). However different choices give rise 
to isomorphic spaces. So we may neglect this ambiguity. If we want to emphasis the choice 
of the pair of vector spaces, we write Ey t D,Q instead of E^q. We denote by x = (x a ,x p ) 
the elements in E^q with x c and x p in End(V) and Hom(V,-D), respectively. 

Let us fix a composition d — (di, • • • , d m ) of d, i.e., d\ + • • • + d m — d. Without lost of 
generalities, we further assume that di ^ for 1 < % < m — 1. We also fix a flag D_ of type d: 

(6) D = (D = D 1 D ■ ■ ■ D D m D D m+l = 0), 

such that dim Di/D i+1 = di for any i — 1, • • • , m. 

We call j/ = (ui, ■■■ , v m ) a multi-composition of v if V; L is a composition of vi for 1 < i < m 
and (i/i, ■ ■ ■ , u m ) is a composition of v. Note that j/_ can be regarded as a composition of 
v as well. Given any flag V_ of type j^, we set Vi to be the position at the flag such 
that dimVi/Vj + i = for any 1 < % < m. We also set Vij to be the position such that 
dimVij/Vij+i = Vij, i.e., the j-th position in the composition V{. In particular, we have 
Vi = V it i for any 1 < i < m. For convenience, we set V i>ai+1 = V i+1>1 if i\ = (v i>u ■■■ , i/ ij0i ). 

Let T v be the variety of all flags of type u in V. 

A pair (x, V_) in E^Q x -^k is called a stable pair if 

• ^(Xj) Q for any 1 < i < m and 1 < j < a { \ 

• XpiVi) C Dj, for any 1 < i < m. 

Let j^V be the variety of all stable pairs in E^q x J ' v . We have the following diagram 

r ~ 

(7) J 7 ^ « J> — ^ E^^Q, 

where the first map is the second projection and the second map is the first projection. Since 

J- ' v is a projective variety, 7i u is projective, hence proper. 

— ► -* 

Let Af u be the variety of all stable pairs (x a ,V_), (where x p is regarded as 0). Then r 

factors through M v : 

— ► 

(8) f v AT, J", 

—>—>—> 

where Ti forgets x p and r 2 forgets x a . Observe that T\ and r 2 are vector bundles of respective 
fiber dimensions: 

i<V (i,j)<(i',f) 

where < (i',f) is the lexicographic order. So, r is a vector bundle of fiber dimension 

/i + /2- We see that J 7 ^ is a smooth irreducible variety of dimension f\ + f 2 + dim T v , which 

— > ' — > 

is 

(9) f = ^2^, + 2 ^ 

i<i> (i,j)<(i',j') 
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Proposition 3.1.1. The morphism n v : T v -)• E„, where E u = im(ii u ), is semismall and 

— ► — > — ► — ► — ► 

a resolution of singularities. 

Proof. From (pQ), it is reduced to show that 

dimj 7 ^ x E J 7 ,, < dimJV. 

Let 

(10) n v :M v ^ End(K) 

— f — ► 

be the first projection, which is the generalized Springer resolution. Let M v be the image 
of \x v . Let 0\, where A = (Ai > A2 > • • • > A m ), be the nilpotent G^-orbit in End(V) 

— V 

such that the sizes of the Jordan blocks in its Jordan canonical form are AijAg, ••• , A m . 

Then the variety M v admits a stratification M v = \-\0\ where the union runs over all A 

— > — > 

such that 0\ is in M v . It is well known that the map fi v is strictly semismall with respect 
— > — » 

to this stratification. Now, this stratification induces a stratification Uj\f v (A) on M v and a 

— > — > 

stratification Uj r l/ (A) of where J 7 !, (A) = r-f 1 fi~ 1 (0\), since ri in dSJ is a vector bundle. 
So we have a stratification 

J 7 T v = UJ r u {\) x E ^ Q T v {\). 

It is clear that 7r^ 1 (a; CT , x p ) C y u^ 1 (a; cr ). So we have 

— > — ► 

dimj^ x Ei/dQ = sup A dim^(A) x Ei/dQ FAX) 

< sup A {dim T v (A) + dim7r~ 1 (x -, x p )} < sup A {dim T v (A) + dim /i~ 1 (x (T )}, 

where G 0a x Hom(V, D). Since /i y is strictly semismall, we have 

2 dim / u~ 1 (a; -) = dimAC — dimO A , Vx a G 0a, 

— ► — ► 

which can be rewritten as 

dim/i'^Xo-) = dimAC — dimj\f u (\) = dimj 7 ^ — dimJ 7 ;/ (A), 

— ► — ► — ► — ► 

for any x CT G Oa, where the last equality is due to the fact that T\ is a vector bundle. So 
we have dim ^(A) + dim/i~ 1 (x (T ) = dim T v . Hence we have dim T v x E J "„ < dim J^. 

This shows that 7r„ is semismall. 

Let Ox Q M v be the open dense orbit in M v . Let X Q = E u fl 0\ x Hom(V, D). Since 

— ► — ► — ► 

(x a ,0) G E v for any x a G 0a, we see that X is non empty. So X is an open dense 

— f 

subvariety in E u . Moreover, the restriction 7r~ 1 (Xo) — > Xq is an isomorphism due to the 

— > — > 

fact that the restriction map ^^(Ox) — > 0\ is an isomorphism. Therefore, n u is a resolution 
of singularity. The proposition follows. □ 
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Note that E^ is irreducible due to the fact that T v is irreducible. It is also clear that if 

— > — ► 

x G E„, then x a is nilpotent. So is contained in M v x Hom(V,D). 

— > — > — > 

In what follows, we shall produce a second proof of Proposition 13.1.11 We set 

Y = T V Xe dQ F u , Z = Kf v Xm v Kf v . 
The factorization ([8]) of the map tt v induces the following maps 
(11) Y^Z^T v xT v . 

— y — y 

The diagonal action of on T v x T y has only finitely many orbits parametrized by the 

— >■ — > 

set 9 of all square matrices M = {m(iji^,i))i<i,k< m ,i<j<ai,i<i<a k of size v = v x A Yv n such 

that 

• TO(i,i),(ifc,o G N ; 

• Y,k,i m {hj),(k,i) = and J2i,j m (i,j),(k,i) = 

The correspondence of the set of G„ orbits and the set is given by assigning a pair (V, V') 
of flags to the matrix M whose entry m^j),^) is defined by 

dim — — — , 

Vij+i + Vijnv^' 

where, by convention, V ij0 = Vi-i^-i and V^ ai+ i = V i+1}1 . 

Let Om be the G u orbit indexed by M. So we have a stratification U0m of T v x J 7 ^ . 

— ► — > 

Such a stratification induces stratifications on Y and Z: 

Y = UY M , Z = UZ M , 

where Ym and Zm are the preimage of the orbit Om under the morphisms in ffTTT) . From [BLM901 
2.1], we have 

dimC A/ = rn (i,j),{k,i) m {i l ,j'),(k' '/)> 

where the sum is over the quadruples such that (i,j) > or (A;,/) > (k',l ! ). Moreover 

the map — >■ Ojk is a vector bundle of fiber dimension J2 m (i,j),(k,i) m (i' ,j'),(k' ,v) where the 
sum is over all quadruples such that < (i',f) and (k, I) < (k',l f ). We have that Zm is 
a locally closed, smooth, and irreducible subvariety of Z of dimension 

dimZ M = v 2 - yV^,-. 



Similarly, the map Ym — > Zm is a vector bundle of fiber dimension Ylik<r n h^r, where 

n,, t = dim * M + *™ 1 , VE,B £ ft, 
So the variety Ym is a locally closed, irreducible, subvariety of Y of dimension 

dim Ym = v 2 - ^ ^ + ni,fedr- 
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Observe that 

(12) ^ n i,k d r < ^2 Uidr - 

i,k<r 2<r 

So we have 

dim Y M <v 2 — 2J v\j + 2^ Vi ^ r = c ^ m ' 

i,j i<r 

for any M G 6. We have proved in a second way that the morphism ir u is semismall. 
Moreover, we have 

Corollary 3.1.2. dimY^ = dimj 7 ^ i/ and on/?/ if M is a diagonal block matrix, whose 
diagonal blocks have the sizes v%,--- ,u m . 

Another way to state Corollary 13.1.21 is as follows. 

Corollary 3.1.3. The irreducible components in Y of largest dimension equal to dimF are 
of the form Ym where M is a diagonal block matrix, whose diagonal blocks have the sizes 
v\ , • • ■ ,u m . 

In particular, we have 

Corollary 3.1.4. The morphism tt u is small if each partition Va in v consists of only one 
part for any 1 < % < m. 

3.2. A class of simple perverse sheaves. We set 

L v = (ir u )i(Cf )[dimj r iy ]. 

— > — » — > 

Since J- ' v is smooth and tc u is proper, we see that L u is semisimple by the Decomposition 

— > — > — > 

theorem (see |BBD82j ). By Proposition 13.1.11 we see that L v is a perverse sheaf. We refer 
— f 

to |CG97] and the references therein for a proof of this fact. So L u is a direct sum of simple 
perverse sheaves (without shifts) on E^q, i.e., 

where P runs over all simple perverse sheaves on E^g and Vp is certain vector subspace 

determined by P and L v . Furthermore, since it v is a resolution of singularities, we have 

— j- — > 

(13) = IC(E^) © M, 

where M is a perverse sheaf such that its support is strictly contained in E v . If v is a 

-> — » 

composition of partitions A = (Ai, • • • , A m ), we write 

IC(E A ) = IC(E„). 

— *■ 

Lemma 3.2.1. We have IC(E A ) ^ IC(Ev) A ^ V, i.e., A* ^ A- /or some z. 
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Proof. When m — 1, the statement is clear because the variety Ea is the closure of the 
nilpotent orbit in End(V) whose Jordan type is the dual partition of Ai. 

We now prove the statement for m = 2, i.e., A = (Ai, A 2 ). It suffices to show that Ea 7^ Ey. 
This is true if the associated partitions of A and A/ are different because the projections of 
the two varieties to End(V) are different. Suppose that A and A/ have the same associated 
partition, say \i. Let /i -1 be its dual partition. Then X 0i a = Ea PI {O^ x Hom(V, D)) is open 
dense in Ea- Thus, to show that Ea 7^ Ey , it is enough to show that X 0i a 7^ -Xo.y • 

Fix an element x a G 0^±, there exists a unique flag V_ (resp. V') of type A (resp. X) such 
that the pair (x a ,V_) (resp. (x a ,V_')) is a stable pair. (The uniqueness of the flags V_ and Yl 

is due to the fact that the map //„ in tTTUj) is a resolution of singularities.) Recall that V 2 is 

— » 

the step at V_ such that dim V 2 = |A 2 |. Let x a \y 2 be the restriction of x a to V 2 . Then the type 
of x a \v 2 is A^ due to the fact that V_ is unique. Similarly, the type of x a \v£ is (A^)^. The 
assumption that A 7^ A/ implies A 2 7^ A' 2 . So the restrictions x a \v 2 and x a \v 2 > have different 
types A^ and (A^) -1 , respectively. Thus V 2 7^ ^2- 

By definition, we know that a pair (x CT , x p ) is in X 0i a (resp. X 0j ,y) if and only if x p (V 2 ) C _D 2 
(resp. x p (V 2 ) C Z} 2 ). Since 7^ V^', there exists an element x p such that ^(V^) C D 2 and 
x p(y 2 ) 2 ^2- This implies that (x CT ,x p ) G X 0j a — X),v- Thus, X 0> a 7^ -^o,v- The statement 
for m = 2 holds, then. 

The general case can be proved in a similar way. We leave it to the reader. □ 

Lemma 3.2.2. We have E u = Ea if Vi is obtained from Aj fry a permutation of the parts in 

— > — 

Aj /or any 1 < z < n. 

Proof. Let £j be the dual partition associated to Aj and Vi for any 1 < i < m. For any 
pair (x,V_) in Ea, let X{ be the subquotient of x to Vi/V^+i and be the flag in V^/Vi+i of 
type Aj obtained from ]/ for any 1 < % < m. Then the pair (xi, IVj) is a stable pair for any 
1 < i < m. So Xi G Aaj = A/"^. Thus, there exists a flag, say W[ of type Vi_ such that (xj, W[) 
is a stable pair for any 1 < i < m. The collection { W 7 / 1 1 < i < m} determines a unique flag 
Yl_ in V of type v and it is clear that (x, V^_) is a stable pair. So x G E„. Hence, Ea C E^. 

Similarly we have E„ C Ea. □ 

— » 

Let 1 be the composition of partitions such that the i-th part is the partition (1, • • • ,1) 
of fi consisting of all l's. We denote by 

1 < A 

if I Aj| = Vi, the number of parts in the i-th partition of 1 for any 1 < i < m. In particular, 
the i-th partition of 1 is less than the partition Aj for any 1 < % < m. It is clear that 

Ua:1<aEa Q Ei\E^ . 
But this inclusion may be a strict inclusion. We set 

Ef = Ei n (Oz x Rom(V, D)). 

In particular, E^ contains all elements in Ej_ such that x a is regular nilpotent. 
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Proposition 3.2.3. Let Ex = UXj be a stratification such that Xi C and the restriction 

map 7r ] ~ 1 (Xj) Xi is a locally trivial fibration. If Xi C Ei\Ei zs a relevant stratum, then 
Xi C Ea /or some A smc/j that 1 ^ A. 

Proof. Let Xj = 7rf 1 (X i ). The assumption is equivalent to say that Yj = Xi x Xl Xi has 
the same dimension as that of T\ (see ([7])). Since the restriction of 7T]_ is a fibration, we 
have a stratification of Xi = UX" where the Xf' s are the irreducible components of Xi. 
This induces a stratification of Yj = UY/*'^ where Y^ = Xf x^, Xf are the irreducible 
components. Thus the dimension of Y± is equal to the dimension of T\. By Corollary 13. 1.2 1 
we sec that Y^ p n Y M , for any a,/3, is open dense in Yj for some diagonal block matrix 
1, whose sizes of the diagonal blocks from the top to the bottom are z/ 1; • • ■ , v m . 
If M is such a block matrix, then we have Vj = V- for any 1 < j < m, for any element 

{ x -,Y-iYl) e Y^ fl Ya/- Since M =^ 1, there is a diagonal block, say Mk, not equal to 1. 
This implies that the subquotient Xalvk/Vk-! fi xes t wo different complete flags of 14/14+1, 
say W£ and VF', obtained from V_ and ]£' respectively. So the type of x a \ Vk /v k+1 is n °t 
z/ fe = dimVfc/Vfc + i, as a partition of iv In other words, Xa\v k /v k+1 is n °t regular nilpotent. 
This induces that there is a position, say /, in the complete flag W_ such that x a \v k /v k+1 iWi) C 
Wi + 2- Hence, the pair (x a \v k /v k+1 ,W_) is a stable pair, where W_ is the partial flag obtained 
from W_ by deleting W\. By Lemma T3.2.21 this implies that x G Ua : i<aEa- Subsequently, 
7rf (UmY; fl Ym) ^ Ua : i<aEa, where ti\ is the obvious projection and M runs over all diagonal 
block matrix M of diagonal block size V\, • • • , v m . 

Let X^ be the open subset of all elements in Xi such that its fiber {j{\)~ l (Xf) is disjoint 
from Uj\/Yj fl Y M for any diagonal block matrix M of diagonal block sizes z/ 1; • • ■ , z/ m . Since 
Y^ fl Ym is open dense in Y/*'^ , this implies that the dimension of (7r^) _1 (Xf) is strictly 
less than the dimension of Y;. This forces Xf = because Xi is irreducible. Therefore, 
Xi C Ua : i<aEa. Since Xj is irreducible and Ea is closed, we have Xj C Ea for some A. □ 

Proposition 3.2.4. Suppose that Xi C Ef zs a relevant stratum. Then there exists a compo- 
sition A of partitions such that 1 < A and the associated dual partition of Xis £ and Xi = Ea 
where Xi is the closure of Xi. 

Proof. For two compositions A and X_ of partitions such that 1 < A and 1 < X_, we denote 
by A < V if Xi < A^ for any 1 < z < m. By Proposition 13.2.31 we can choose a composition 
A of partitions such that Xj C Ea and A is a maximal one among those compositions of 
partitions greater than 1. 

Assume that the associated dual partition of A is not £. Let X° be the open dense stratum 
in a stratification of Xj such that the restriction of n\ to 7r A _1 (X J °) — > Xf is a locally trivial 
fibration. If X 4 ° is a relevant stratum, then we can show in a similar way as the proof of 
Proposition 13.2.31 that X° C Ua<v Ev . This contradicts with the choice of A. Thus, we see 
that Xf is an irrelevant stratum with respect to tt\. Hence we have 

2 dim vr^ 1 (x) < dim Ea - dim X° = dim E A - dim Xj, \Jx G X°. 

Let Xj(A) be the subvariety in Xj := 7r ] " 1 (Xj) consisting of all stable pairs (x, V_) such that 
the associated flag of type A together with a; is a stable pair. Since A is the maximal one, 
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we see that dimXj(A) = dimXj. Let p\ : Xj(A) — >■ tt^ (Xj) be the projection determined by 
sending the complete flag to the associated flag of type A. Then the fiber dimension of p\ is 
\ YlT=i v 1 ~ v i- By combining the above results, we have 

2dim7r ] " 1 (x) = 2dim(px7T\)~ 1 (x) < 2dimp7 1 (?/) + 2dim7r^ 1 (x) 

m 

< v\ — Vi + dim E\ — dim X i; 

i=i 

for any x G X® and ir\(y) = x. By the formula (jHJ), Y^iLi v 1 ~ u i + dimEA = dimEj_. By the 
fact that Xi — > Xi is a fibration, we have 

2&\mix^ l (x) < dimEi — dimXj, Vx G Xj. 

This contradicts with our assumption that Xi is a relevant stratum with respect to ix\. So the 
dual partition of A is £. In this case, we have dimXj = dimE^. Otherwise, 2dim7r ] ~ 1 (x) = 
dimEi— dim E> < dim E^— dim Xi for any x G Xj. A contradiction. Therefore, Xj = E>. □ 

The following corollary follows from Propositions 13.2.31 and 13.2.41 
Corollary 3.2.5. When v — 1, the complex Li in / T7gj) has the following decomposition. 

Lx = IC(Ei) © ©A:1<A ©x IC ( E A 5 ^A,x) ® ^A, X) 

where C\ iX runs over the set of irreducible local systems on an open dense smooth subvariety 
in Ea and V\ tX is a certain finite dimensional vector space over C. 

Theorem 3.2.6. The decomposition in Corollaru \3.2.5\ can be refined as follows. 

Lx = ©a : i<aIC(Ea) © Va, 

where V\ is the simple module of S Ul x • • • x S Vm parametrized by A. 

The proof of this theorem will be given in Section 13.31 

Let S Vt d be the set of all isomorphism classes of simple perverse sheaves in L „ for various 

v . By abuse of notation, we denote by IC(Ea) its isomorphism class. Let pin) be the number 
— ► — 

of partitions of n, where n is a positive integer. We set p(0) = 1. 

Corollary 3.2.7. S v ^ = {IC(Ea)}a_; where A runs over all compositions A = (Ai, • • • , A m ) 
of partitions such that |Ai| + ■ ■ • + |A m | = v. In particular, We have 

(14) # s vd= P( z/ i)p( z/ 2)---p(^m), 

where the sum runs over all tuples (ux, ■ ■ ■ , u m ) of nonnegative integers such that vx + • ■ ■ + 
v m = v. 

Proof. The is because all simple perverse sheaves in L v are in L\ for certain 1 and all simple 

— y ~ 

perverse sheaves in Lx are of the form IC(Ea). □ 
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In the case when v — 1, we set Y\ for K in ( JUT) . In this case, the G^-orbits in J-\ x ^ 

— > — — — 

are parametrized by the permutation group S u . We regard the group S Ul x ■ • ■ x S Um as a 
subgroup of S u via the natural imbedding. Then the top Borel-Moore homology 

HtopiXl) = H2dimYi(Yl) 

of Yi has dimension #S Vl x • ■ • x S Um because 

H top {Yi) = span{[F A/ ]|M G S Ul x • • • x ^ m }, 
by Corollary EX3] and |CG97[ 2.6]. Moreover 

F top (yi) ~ End(Li), 

by [CG971 8.9.8], where the endomorphism of Lj_ is taken inside the category of perverse 
sheaves on E^q. Now, by Theorem I3.2.6[ we have 

L k ~ ©a : i<aIC(E a ) ® Vx, 

which implies that 

# top (Yl) ~ ®xEnd(Vx) * C[S U1 x • • • x S U J. 

Therefore, we have 

Theorem 3.2.8. H top (Yi) ~ C[S Vl x • ■ • x S Vm ], as C-algebras and the set {Y M \M G S Ul x 
• • ■ x S^} is a basis for CfS^ x • ■ ■ x S Um ]. 

Corollary 3.2.9. Let J-i )X be the fiber of x under the map 7Tj_. We have Htop^i^) — V\ for 
any element x in a relevant stratum of iti which is open dense in G E^. 

This follows from |CG97| 8.9.14(b)]. 

3.3. An analogue of Grothendieck's simultaneous resolution. Similar to the repre- 
sentation space E^ rf Q for Q, we define the representation space of Q of dimension vector 
(u, d) to be 

E„ A<5 = End(V)xHom(An 
Elements in E vd Q will be represented by ). An element (x,V_) G E„ )d) g x J r u is 

called a quasi-stable pair if 

• Xv(y id ) C Vij for any i and j; 

• Xp(Di) C Vi+i for any i 

Let ^ be the variety of all quasi-stable pairs in E^^x T v . We have the following diagram 
( 15 ) ^ < <?„ — ^ E^q, 

— v — y 

where the first map is the projection to the second component and the second map is the 
projection to the first component. (Compare with OH]).) We set 

L v ,q = (£«,)i(Cgr J[dim^]. 

Then we have 

Proposition 3.3.1. $q q(L i/ ) = L v q, where Qq^q is the Fourier-Deligne transform from 
V{B vAQ ) to T>{Ei ud q). 
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The proof of this proposition is exactly the same as the proof of [L93, Proposition 10.2.2]. 
We leave it to the reader. Of course, there is a similar result for other orientations of T. 

Note that when d = 0, the map is the generalized Grothendieck simultaneous resolution. 

— ► 

It is well known that the generalized Grothendieck simultaneous resolution is small. One 

can show that £ v is semismall in a similar manner as the second proof of Proposition 13 . 1 . 11 

— > 

Moreover, 

Proposition 3.3.2. The morphism £ v in ([15!) is small. 

Proof. We assume that v — 1. Let 

-> 

// : ->■ End(V) 

be the Grothendieck's simultaneous resolution of type A, where g is the variety of quasi- 
stable pairs (V_, x 5 ) (with x p = 0) in T\ x End(V) such that x^Vy) C for any i and j. It 
is well-known that // is a small resolution with the only relevant strata End(V) rs consisting 
of all regular semisimple elements in End(V). 

Let E 1( q be the image of the map Let E™q be the open subvariety in E x q consisting 
of all elements whose a components are in End(V) re . By arguing in a similar way as the 
second proof of Proposition I3.1.1[ we see that relevant strata in Ei with respect to £i are 
contained in E^. 

For any regular semisimple element x s , let us fix a basis {ui\l < I < u} of V consisting 
of eigenvectors of x„. Let V_ be the complete flag whose Z-th step Vi is the vector subspace 
spanned by the vectors , u v . For any s G S u , we denoted by sV be the flag obtained 

from V_ whose l-th step is the subspace spanned by the vectors u s g,), ■ ■ ■ ,u s ^). It is clear 
that the fiber of x 5 under fi' is {(sV,Xa-)\s G S u }. 

Let E° q be the open dense subvariety of E^ consisting of all elements ) such 

that 

< / < u} n Xp(Di) = u i+ i H h u m , VI < i < m, 

where {m/|1 < I < v} is & basis of V consisting of eigenvectors of x„ and i/j is the part of z/ in 
the definition of the multi-composition 1. Note that the above condition is independent of 
the choice of the eigenvectors of x 5 because Xp(Di) is a vector subspace. The fact that E°^ 
is open can be proved in the following way. We consider the projection E^ — > End(V) rs . 
We observe that the dimension of E° q is equal to that of E^^. 

Since the fiber of 7Tj_ at any point in E° q has dimension zero, we see that the relevant strata 
can only be found in E°^. Consider the restriction ^(E^) -)■ E°^ of £i to ^f^E^). 
It is a S U1 x • • • x S„ m -principal covering. So E'j 1 q is smooth, hence it is the only relevant 
stratum for So we have proved that £i is small. 

The statement that £ u is small in general follows from the fact that £i is small because £i 
— > — — 

factors through . □ 
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From the above proof, we have the following diagram 

Gi > Ei,q, 

where the vertical maps are open embeddings. Since the morphism £° is a x • • • x - 
principal covering, we see ( |C98j . |KW01j ) that S V1 x ••• x S Um acts on the local system 
(£1)1 (^-^E -)) 011 Ejg, and, moreover, 

(% l (E; a )) - ©A:1<AA ® 

where Va is the simple x • • • x S^-module parametrized by A and C\ is the irreducible 
local system on q determined by V\. Since £1 is small, by perverse continuity, we have 

Proposition 3.3.3. L hQ ~ © A:i < A IC(E l0 , £ A ) ® 

We are now ready to prove Theorem 13.2.61 By Propositions 13.3.11 and 13.3.31 we see that 
the number of non-isomorphic simple perverse sheaves appearing in L\ is the same as the 
number of A such that 1 < A. It is clear that IC(E^) appears in L\. By Lemma 13.2.11 we 
see that the set {IC(Ea)|1 < A} contains all simple perverse sheaves appeared in L\. To this 
end, we see that in order to show Theorem 13.2.61 it is enough to show that 

$ Qi0 (IC(E A )) = IC(E L0 , C£, VI < A. 

This follows from Proposition 13.3.11 and by induction because IC(Ea) and IC(E 1( g, C\) are 
the leading terms (see ( f!3l) ) of the complexes L\ and L x q, respectively. This finishes the 
proof of Theorem 13.2.61 

3.4. Singular support. We set 

E„ )( 2 = E„ j(J) q © E^ di Q, 

where E^^ q and E ud q are defined in Section [71 and 13.31 respectively. 

Given any subspace U in V and (x a , x^) in End(U) © End(V), we denote by U the small- 
est (x a , x^)- invariant subspace containing U and U_ the largest -invariant subspace 
contained in U. (Unfortunately, this notation clashes with the notation of flags. But it is 
clear from the setting.) 

Let U^d be the locally closed subvariety of E v d consisting of all elements (x a , x p , x&, Xp) 
subject to the following conditions: 

ry ry _ ry _ ry ry _ ry I I 

x a is nilpotent, 

Xp{Dj) C Xp 1 (D i+1 ) , VI < i < m, 
where we set i^Dm+i) = 0. 



Proposition 3.4.1. We have the following results. 
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(a) The variety IT^ is equidimensional, i.e., all irreducible components are of the same 
dimension. 

(b) The dimension of H U) d is v 2 + vd. 

(c) The irreducible components T\ in H^d are parametrized by the m-partitions, where 
T\ is the irreducible component whose projection to E^q is E\. 

(d) The singular support o/IC(Ea) is contained in I\U U\< p T p for any m-partitions A 
of v. 

The rest of this section is devoted to prove this theorem. 

Let A u be the variety of commuting pairs (x a ,Xa) and x a is nilpotent. It is well-known 
(see |LilOj ) that A u is equidimensional of dimension v 2 and whose irreducible components 
are parametrized by the set of partitions of v. We write A^ ^ for the irreducible component 
such that its projection to the x CT -component is the closure of the G^-orbit O x ±- 

We consider the subvariety of E^ d consisting of all quadruples (x a , x p , x & , Xp) such 
that 

x a Xa — x 5 x a = 0, x (j is nilpotent, Xp = 0. 

From the definitions, we see that the natural projection from to A v is a trivial vector 
bundle. This implies that ~L v .d is equidimensional of dimension v 2 + vd and its irreducible 
components are of the form T\, the preimage of variety A u \. 

Let L s u d be the open subvariety of L Ujd defined by the following stability condition: 

^ 1 (Q) = {Q}- 

The group G u acts on h^ d and its quotient exists, which is exactly the variety S defined 
in [G96] (with the chosen curve an affine line). In particular, we have the result that the 
subvariety = T\ PI L* d is an irreducible component of L s u d for any partition A of v and all 
irreducible components of d are of this form. 

Now the statements (a)-(c) can be proved in a similar way as that of Proposition 4.4.2 
in [Lillj . Let U u d = UyYl u ^y be a stratification, where Hv,d;v is the locally closed subvariety 
of consists of all elements such that the flag {x~ l (Dj) \i = 1, • • • , m + 1} is of type v and 

the union runs over all m-compositions v of v. 

The assignment x {x~ 1 (D i )\i = 1, • • • , m}, for any x G E„ )£ j, defines a fibration 

We set 

We define a map 

IL^.y -> L v/ y 2ijD/D2 X ^v 2 /v 3 ,D 2 /D :i X • • • X Lf^^, 

by sending an element in IT^^y to the collection of the subquotients of x to Vi/V i+ i ®Di/D i+1 
for any 1 < % < m. One can show that this map is a vector bundle of fiber dimension 
J2i<j v i v i + vd — Y^T=i By combining the above analysis, we see that the statements 
(a)-(c) follow. 

The statement (d) follows from the fact that IC(E\) is the leading term of the complex 
L\ and T\ is the leading term of the singular support of L\. 
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3.5. Example. In the case when d = (1,0). The results in this Section, such as Theo- 
rems and Proposition 13.4.11 have been obtained by Achar-Henderson [AH08J, and 



Finkelberg-Ginzburg-Travkin [FGT09] . Moreover, it was shown by Achar-Henderson, and 
Travkin ( |T09j ) independently that the number of G^-orbits in Ej_ are finite and parametrized 
by the pair of partitions (A,//) such that |A| + = v. As a consequence, the intersection 
complex IC(Ea) is the intersection complex of the G v orbit indexed by the 2-partition A. 

Let Pd be the stabilizer of the fixed flag D in fl6]). Then the group G u x P d acts on E^. 
For general d, the number of G v x P^-orbits in Ej_ is infinite. For example, the following 
elements in Ex belong to pairwise distinct orbits. 

(^>=M° ° I S)J. VaeC - 

Because there are infinitely many G u x P^-orbits, we are not sure if the intersection complex 
IC(Ea) is the intersection complex of a certain G u x P d -orbit. 

3.6. Tensor product of irreducible representations of sIn- Fix an integer N and a 
composition v_ = (y\, • • • ,v m ). In this section, we only consider m-composition v of the 

form (ui, ■ ■ ■ , I'm) and each composition having N parts. 
Let - 

F=LXF V , 

— ► 

where the union runs over all m-compositions under the above assumption. Let 

7r : 7 ->■ E„ jd 

be the projection and = T x Ev d T the associated fiber product. We also denote by T x 
the fiber of x G E^^ under ix. 

Let (C Ar )® l/ be the tensor product of v copies of the vector space of dimension N. 
Then the symmetric group S u acts on (C 7V ) lX,iy by permuting the components. Let S(N, v) = 
Ends l ,((C 7V ) lX,iy ) be the Schur algebra. It is well known that S(N,u) is a quotient of the 
universal enveloping algebra U(sIn) of the Lie algebra sIn- 

Proposition 3.6.1. We have 

H top (Z„) ~ 3{N, v x ) ® S{N, v 2 ) ® ■ ■ ■ ® S{N, u m ), 

as C-algebras. Moreover, the irreducible components in Z„ of largest dimension form a basis 
for H top (Z„). 

This is analogous to Theorem 13.2.81 Its proof is similar to that of Theorem 13 . 2 . 8 1 by taking 
into consideration of |C98t Section 10]. 

3.7. Heisenberg action. Let be the vector space spanned by the elements in S Ut d i n 
Corollary [3X71 We set 

Then we have, as C-vector spaces, 
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defined by L v i-)- x Vx ® • • ■ ® x Vm for various z/, where x„ — x Vx • - • x Vn and F® m is the tensor 
product of m copies of Fock space F (see (J2])). Under such an isomorphism, we have 

uj-\ Yv m =v 

where ¥ u is the homogeneous component of F of degree v. Recall that F® m admits a Heisen- 
berg algebra action. We shall give a geometric realization of this action. The assignment 
L Ul Cg) • • • <g) L Vm i—)- L v defines an isomorphism of vector spaces over C: 

: K dl <g> • • • ® K dm K d . 

On Kd 1 (g) • • • ® K(i m , there is a geometric Heisenberg action isomorphic to the one on F®. We 
then transport this action to K d via the isomorphism qb. Geometrically, is nothing but the 
Hall multiplication (see |Lillj ) and the action on <g> ■ ■ ■ <S> are defined geometrically 
by using induction and restriction functors by the argument in Section 12.31 We see that the 
resulting action on is geometric, though it is not so natural. 

We finally remark that the obvious induction and restriction functors on K d , for general 
d of more than two components, do not produce the Heisenberg action just defined. 
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